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1. Introduction
The ﬁrst formulae, which is well known as q-calculus, was obtained by Euler in the eighteenth century. Many highlight
results (such as Jacobi’s triple product identity and the theory of q-hypergeometric functions) were obtained in the nine-
teenth century. In 1910, Jackson [11] introduced the notion of the deﬁnite q-integral, citing that he was the ﬁrst to develop
q-calculus in a systematic way. In the second half of the twentieth century there has been a signiﬁcant increase of activity in
the area of the q-calculus due to its applications in mathematics, number theory and combinatorics [1]. Furthermore, there
has been a great deal of interest in the study of quantum algebra and quantum groups in connection with several physical
ﬁelds [4]. From the seminal work of Biedenharn [5] and Macfarlane [13], beside the mathematical aspect and specially in
view of physical meaning, the q-calculus plays a crucial role in the representation of quantum groups. Many physical ap-
plications have been investigated on the basis of the q-deformation of the Heisenberg algebra [15]. In [12] it was shown
that a natural realization of quantum thermostatistics of q-deformed bosons and fermions can be built on the formalism of
q-calculus.
In the present paper, we are interested to the study of the q-analogue of the above Sobolev type spaces in quantum
group using the q-Jackson integral and the q-harmonic analysis [2,7,10].
The important role of Sobolev type spaces in analysis and its applications is well known. In the classical case of R,
R. Adams [3] introduced the Sobolev type spaces Es,p∗ (R) given by
Es,p∗ (R) =
{
U ∈ S ′∗(R)
/(
1+ ξ2)sF0(U )(ξ) ∈ Lp(R)}, s ∈ R, 1 p +∞, (1)
S ′∗(R) is the space of tempered and even distributions introduced by L. Schwartz [14].
F0 being the usual even Fourier transform on R deﬁned for a suitable even function f by
F0( f )(λ) =
∞∫
0
f (x) cos(λx)dx, λ ∈ C. (2)
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imbedding Es,p∗ (R) ↪→ Et,p∗ (R) is continuous. In particular Hs∗(R) = Es,2∗ (R).
The even Bessel Potential is the operator from S ′∗(R) onto itself given by Bs(T ) = F0((1+ ξ2)−
s
2 F0(T )) and the Sobolev
spaces W s,p∗ (R), s ∈ R, 1 p +∞, are deﬁned as follows
W s,p∗ (R) =
{
T ∈ S ′∗(R), B−s(T ) ∈ Lp(R)
}
. (3)
In particular we have Hs∗(R) ⊂ W s,p∗ (R) for all s ∈ R, p ∈ [1,+∞[ and
W s,2∗ (R) = H
s
2∗ (R). (4)
The paper is organized as follows: in the second section we recall some results in quantum calculus which we need in the
sequence. The third section contains the deﬁnition of q-Sobolev type spaces Es,p∗,q(Rq) associated with the q-difference opera-
tors q,. and some of their properties. In the fourth section we study in particular the space E
s,2∗,q(Rq) denoted by Hs∗,q(Rq).
In the last section, we deﬁne the q-cosine potential operator and we study the q-Sobolev type spaces W s,p∗,q (Rq) with an
application.
2. Preliminaries and notations
In all the sequel, we assume 0 < q < 1 and we adapt the same notations as in [10].
• A q-shifted factorial is deﬁned by
(a;q)0 = 1, (a;q)n =
n−1∏
k=0
(
1− aqk); n = 1,2, . . . ,∞, (5)
and more generally
(a1, . . . ,ar;q)n =
r∏
k=1
(ak;q)n. (6)
• The basic hypergeometric series or q-hypergeometric series are given for r, s integers by
rϕs(a1, . . . ,ar;b1, . . . ,bs;q, x) =
∞∑
n=0
(a1, . . . ,ar;q)n
(b1, . . . ,bs;q)n(q,q)n
[
(−1)nq n(n−1)2 ]1+s−rxn.
• The q-derivative Dq,x f of a function f on an open interval is given by
Dq,x f (x) = f (x) − f (qx)
(1− q)x , x = 0, (7)
and (Dq f )(0) = f ′(0) provided f ′(0) exist. The q-shift operators are deﬁned by
(Λq,x f )(x) = f (qx), (8)(
Λ−1q,x f
)
(x) = f (q−1x). (9)
• Rq = {±qk, k ∈ Z} ∪ {0}; Rq,+ = {+qk, k ∈ Z}.
• The q-Jackson integral from 0 to a (respectively to ∞) is deﬁned by
a∫
0
f (x)dqx = (1− q)a
∞∑
n=0
f
(
aqn
)
qn,
∞∫
0
f (x)dqx = (1− q)
+∞∑
−∞
f
(
qn
)
qn. (10)
• The q-integration by parts is given for suitable functions f and g by
∞∫
0
f (x)Dq,xg(x)dqx =
[
f (x)g(x)
]∞
0 −
∞∫
0
Dq,x
(
f
(
q−1x
))
g(x)dqx. (11)
• The q-analogue of the elementary exponential functions are crucial, they are deﬁned by
E(x;q) = (−(1− q)x;q)∞ =
∞∑
qn(n−1)/2 (1− q)
n
(q;q)n x
n, x ∈ R, (12)0
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e(x;q) = 1
((1− q)x;q)∞ =
∞∑
0
(1− q)n
(q;q)n x
n. (13)
• The q-analogue of the Gamma function (see [11]) is deﬁned by
Γq(x) = (q;q)∞
(qx;q)∞ (1− q)
1−x. (14)
• The following deﬁnitions of the q-trigonometric functions are given (see [8]) by
cos
(
x;q2)= 1ϕ1(0,q,q2; (1− q)2x2)= ∞∑
n=0
(−1)nbn
(
x;q2), (15)
sin
(
x;q2)= (1− q)x 1ϕ1(0,q3,q2; (1− q)2x2)= ∞∑
n=0
(−1)ncn
(
x;q2), (16)
where we have put
bn
(
x;q2)= bn(1;q2)x2n = qn(n−1) (1− q)2n
(q;q)2n x
2n, (17)
cn
(
x;q2)= cn(1;q2)x2n+1 = qn(n−1) (1− q)2n+1
(q;q)2n+1 x
2n+1. (18)
These functions are bounded and for every x ∈ Rq we have∣∣cos(x;q2)∣∣ 1
(q;q2)2∞
, (19)
∣∣sin(x;q2)∣∣ 1
(q;q2)2∞
. (20)
We remark that for λ ∈ C, the function cos(λx;q2) is the unique solution of the q-differential system{
q,xU (x,q) = −λ2U (x,q),
U (0,q) = 1; Dq,xU (x,q)
∣∣
x=0 = 0,
(21)
where q,x is the q-operator deﬁned by
q,x = Λ−1q,xD2q,x, (22)
and for k ∈ N and λ ∈ Rq,+ ,
kq,x cos
(
λx;q2)= (−1)kλk cos(λx;q2). (23)
These results generalized the classical case: for λ ∈ C the function cos(λ.) is the unique solution of⎧⎨
⎩
d2
dx2
u(x) = −λ2u(x),
u(0) = 1, u′(0) = 0.
(24)
• The q-cosine Fourier transform Fq and the q-convolution product are deﬁned for suitable functions f , g as follows
Fq( f )(λ) = (1+ q
−1) 12
Γq2(
1
2 )
∞∫
0
f (t) cos
(
λt;q2)dqt, (25)
f ∗q g(x) = (1+ q
−1) 12
Γq2(
1
2 )
∞∫
0
Tq,x f (y)g(y)dq y. (26)
Here Tq,x , x ∈ Rq,+ are the q-even translation operators deﬁned by
Tq,x f (y) =
∞∫
f (t)dqμx,y(t), (27)0
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dqμx,y(t) =
+∞∑
−∞
D(x, y;qs)qsδyqs (t), (28)
where
D(x, y;qs)= ( x
y
)2s (q( xy )2;q)∞
(q;q)∞ 1ϕ1
(
0,q
(
x
y
)2
,q;q1+2s
)
(29)
δu being the unit mass supported at u.
Remark that when q → 1− , the q-translation (27) tends to the classical even translation σx( f )(y) given by
σx( f )(y) = 1
2
[
f (x+ y) + f (x− y)], y ∈ [0,+∞[. (30)
Let us now introduce some q-functional spaces which we need in this work.

 D∗,q(Rq) the space of even functions inﬁnitely q-differentiable on Rq with compact support in Rq . We equip this space
with the topology of the uniform convergence of the functions and their q-derivatives.

 C∗,q,0(Rq) the space of even functions f deﬁned on Rq continuous at 0, and satisfying
lim
x→∞ f (x) = 0 and ‖ f ‖C∗,q,0 = supx∈Rq
∣∣ f (x)∣∣< +∞. (31)

 Cm∗,q(Rq) the space of even functions m times q-differentiable on Rq , continuous at 0. We equip this space with the
topology of the uniform convergence of the functions and their q-derivatives.

 S∗,q(Rq) the q-analogue of Schwartz space formed by the functions f ∈ C∞∗,q,0(Rq) such that
∀k,n ∈ N, Nq,n,k( f ) = sup
x∈Rq
(
1+ x2)n∣∣Dkq,x f (x)∣∣< +∞. (32)

 The q-analogue of the tempered distributions introduced in [9] as follows:
(i) A q-distribution T in Rq is said to be tempered if there exist Cq > 0 and k ∈ N such that∣∣〈T , f 〉∣∣ CqNq,n,k( f ); f ∈ Sq,∗(Rq). (33)
(ii) A linear form T : Sq,∗(Rq) −→ C is said to be continuous if there exist Cq > 0 and k ∈ N such that∣∣〈T , f 〉∣∣ CqNq,n,k( f ); f ∈ Sq,∗(Rq). (34)
We denote by S ′∗,q(Rq) the space of even q-tempered distributions in Rq . That is the topological dual of S∗,q(Rq).
 Lp(Rq,+), p ∈ [1,+∞], the space of functions f such that ‖ f ‖q,p < +∞, where
‖ f ‖q,p =
( ∞∫
0
∣∣ f (x)∣∣p dqx
) 1
p
< +∞, for p < ∞, (35)
and
‖ f ‖q,∞ = ess sup
x∈Rq,+
∣∣ f (x)∣∣< +∞. (36)
Note that from [8] the q-translation operators can be also deﬁned by
Tq,y f (x) =
∞∑
n=0
bn
(
y;q2)nq,x f (x) (37)
which has the following properties:
Proposition 2.1. For all f , g ∈ L1(Rq,+):
(i) Tq,x f (y) = Tq,y f (x).
(ii) q,xTq,x f (y) = q,yTq,y f (x).
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∫∞
0 Tq,x f (y)dq y =
∫∞
0 f (y)dq y.
(iv)
∫∞
0 Tq,x f (y)g(y)dq y =
∫∞
0 f (y)Tq,x g(y)dq y.
(v) Tq,x cos(ty;q2) = cos(tx;q2) cos(ty;q2), x, y, t ∈ Rq,+ .
In [7] the q-cosine Fourier transform satisﬁes the following:
Proposition 2.2. For f , g ∈ L1(Rq,+) we have:
(i) Fq( f ∗q g) = Fq( f )Fq(g).
(ii)
∫∞
0 Fq( f )(ξ)g(ξ)dqξ =
∫∞
0 f (ξ)Fq(g)(ξ)dqξ .
(iii) Fq(Tq,x f )(ξ) = cos(ξx;q2)Fq( f )(ξ)).
(iv) For f ∈ Lp(Rq,+), g ∈ L1(Rq,+) then f ∗q g ∈ Lp(Rq,+) and ‖ f ∗q g‖q,p  ‖ f ‖q,p‖g‖q,1 .
Theorem 2.1. For f ∈ L1(Rq,+), Fq( f ) ∈ C∗,q,0(Rq) and
∥∥Fq( f )∥∥C∗,q,0  1
(q(1− q)) 12 (q;q)∞
‖ f ‖q,1.
Theorem 2.2 (Inversion formula).
1. If f ∈ L1(Rq,+) such that Fq( f ) ∈ L1(Rq,+), then for all x ∈ Rq,+ , we have
f (x) = (1+ q
−1) 12
Γq2(
1
2 )
∞∫
0
Fq( f )(y) cos
(
xy;q2)dq y. (38)
2. Fq is an isomorphism of S∗,q(Rq) and Fq2 = Id.
In [9], the authors proved that Fq can be extended to L2(Rq,+) and we have
Theorem 2.3 (q-Plancherel theorem type). Fq is an isomorphism of L2(Rq,+), we have ‖Fq( f )‖q,2 = ‖ f ‖q,2 , for f ∈ L2(Rq,+) and
F−1q = Fq.
Proposition 2.3.
(i) Fq : S ′∗,q(Rq) −→ S ′∗,q(Rq) is an isomorphism satisfying Fq = F−1q ; and we have 〈Fq(T ),ϕ〉 = 〈T ,Fq(ϕ)〉; T ∈ S ′∗,q(Rq),
ϕ ∈ S∗,q(Rq).
(ii) Fq(nqT )(λ) = (−1)nx2nFq(T )(λ), n ∈ N, T ∈ S ′∗,q(Rq).
3. The q-Sobolev type spaces Es,p∗,q(Rq)
Deﬁnition 3.1. For all (s, p) ∈ R × [1,+∞[, the q-Sobolev type space Es,p∗,q(Rq) associated with the operator q,. is deﬁned
by
Es,p∗,q(Rq) =
{
U ∈ S ′∗,q(Rq)
/(
1+ ξ2)sFq(U ) ∈ Lp(Rq,+)}. (39)
Theorem 3.1. For any (m, p) ∈ N × [1,+∞[ we have
Em,p∗,q (Rq) =
{
T ∈ S ′∗,q(Rq); Fq
(
(−q,.) j T
) ∈ Lp(Rq,+) for all j = 0, . . . ,m}. (40)
Proof. Let T ∈ S ′∗,q(Rq) then by Proposition 2.3 we have
∀k ∈ N, Fq
(
(−q,.)kT
)= ξ2kFq(T ), (41)
so that
∀ j ∈ {0, . . . ,m}, ∣∣Fq((−q,.) j T )∣∣ (1+ ξ2)m∣∣Fq(T )∣∣, (42)
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1+ ξ2)mFq(T ) = m∑
j=0
[
m
j
]
q
ξ2 jFq(T ) =
m∑
j=0
[
m
j
]
q
Fq
(
(−q,.) j T
)
where
[m
j
]
q = (q;q)m(q;q) j(q;q)m− j .
This gives the result. 
Corollary 3.1. For any m ∈ N, we have
Em,2∗,q (Rq) =
{
f ∈ L2(Rq,+); (−q,.) j f ∈ L2(Rq,+), for all j = 0, ...,m
}
. (43)
In particular E0,2∗,q(Rq) = L2(Rq,+).
Proof. The result follows from Theorem 3.1 together with q-Plancherel theorem. 
Corollary 3.2. S∗,q(Rq) ⊂ Es,p∗,q(Rq), for all (s, p) ∈ R × [1,+∞[.
Example 3.1. Let (s, p) ∈ R × [1,+∞[ such that 2ps < −1, then for any x in Rq the q-Dirac distribution δx belongs
to Es,p∗,q(Rq).
Indeed, for any ϕ ∈ Sq,∗(Rq), we have
〈Fq(δx),ϕ〉= 〈δx,Fq(ϕ)〉= Fq(ϕ)(x) = (1+ q−1)
1
2
Γq2(
1
2 )
+∞∫
0
ϕ(t) cos
(
tx;q2)dqt.
Therefore Fq(δx)(t) =
(
(1+q−1) 12
Γq2 (
1
2 )
)
cos(tx;q2) and by (19) we obtain
+∞∫
0
(
1+ ξ2)ps∣∣Fq(δx)(ξ)∣∣p dqξ 
+∞∫
0
(1+ ξ2)ps
(q;q2)2p∞
dqξ
 2
ps
(q;q2)2p∞
+ 1
(q;q2)2p∞
+∞∫
1
(
1+ ξ2)ps dqξ
< +∞.
Proposition 3.1. For (s, p) ∈ R × [1,+∞[. The map
ψ : (Es,p∗,q(Rq),‖.‖Es,p∗,q )−→ (Lp(Rq,+),‖.‖Lp(Rq,+)),
T −→ ψ(T ) = (1+ ξ2)sFq(T ),
is an isometric isomorphism, where ‖.‖Es,p∗,q is the norm on E
s,p
∗,q(Rq) deﬁned by
‖T‖Es,p∗,q =
∥∥(1+ ξ2)sFq(T )∥∥Lp(Rq,+). (44)
Proof. Let f be in Lp(Rq,+). A simple computation shows that (1 + ξ2)−s f ∈ S ′∗,q(Rq) and since the q-cosine Fourier
transform is an isomorphism from S ′∗,q(Rq) onto itself, there exists a unique T ∈ S ′∗,q(Rq) such that
Fq(T ) =
(
1+ ξ2)−s f ,
or equivalently
f = (1+ ξ2)sFq(T ) = ψ(T ).
This achieves the proof. 
Corollary 3.3. For any (s, p) ∈ R × [1,+∞[, the space Es,p∗,q(Rq) endowed with the norm ‖.‖ s,p is a Banach space.E∗,q
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Remark 3.1. For all s ∈ R, the norm ‖.‖Es,2∗,q derives from the inner product
(S/T )Es,2∗,q
= (1+ q
−1)
Γ 2
q2
( 12 )
+∞∫
0
(
1+ ξ2)2sFq(S)(ξ)Fq(T )(ξ)dqξ.
Furthermore, Es,2∗,q(Rq) equipped with this inner product is a Hilbert space since it is isometric with the Hilbert space
(L2(Rq,+),‖.‖L2(Rq,+)).
Proposition 3.2.
1. Let p ∈ [1,+∞[, such that s t. Then
Et,p∗,q(Rq) ⊂ Es,p∗,q(Rq). (45)
Moreover, ‖T‖Es,p∗,q  ‖T‖Et,p∗,q , for all T ∈ E
t,p
∗,q(Rq) so that the imbedding E
t,p
∗,q(Rq) ↪→ Es,p∗,q(Rq) is continuous.
2. For (s, p) ∈ R × [1,+∞[, we have
(−q,.)k Es,p∗,q(Rq) ⊂ Es−k,p∗,q (Rq), for all k ∈ N. (46)
Moreover, the operator (−q,.)k : Es,p∗,q(Rq) −→ Es−k,p∗,q (Rq) is continuous and we have∥∥(−q,.)kT∥∥Es−k,p∗,q  ‖T‖Es,p∗,q , for all T ∈ Es,p∗,q(Rq). (47)
Proof. 1. We obtain the previous result from the following inequality
+∞∫
0
(
1+ ξ2)sp∣∣Fq(T )(ξ)∣∣p dqξ 
+∞∫
0
(
1+ ξ2)tp∣∣Fq(T )(ξ)∣∣p dqξ. (48)
2. By using the equality (41) we deduce∣∣Fq((−q,.)kT )(ξ)∣∣ (1+ ξ2)k∣∣Fq(T )(ξ)∣∣, (49)
hence (
1+ ξ2)s−k∣∣Fq((−q,.)kT )(ξ)∣∣ (1+ ξ2)s∣∣Fq(T )(ξ)∣∣, (50)
and the result is proved. 
4. Special case of the q-Sobolev type spaces Es,2∗,q(Rq)
This section is devoted to the study of the Hilbert spaces Es,2∗,q(Rq) which will be denoted in the sequel by Hs∗,q(Rq).
Taking into account the different results given in the last section, we obtain the following proposition.
Proposition 4.1.
1. H0∗,q(Rq) = L2(Rq,+).
2. For any s 0, Hs∗,q(Rq) ⊂ L2(Rq,+).
3. For any n ∈ N \ {0}, we have
Hn∗,q(Rq) =
{
f ∈ L2(Rq,+); (−q,.) j f ∈ L2(Rq,+) for all j = 1, . . . ,n
}
.
4. The family (Hs∗,q(Rq))s∈R is decreasing in s, that is
Hs∗,q(Rq) ⊂ Ht∗,q(Rq) for t  s.
5. For s ∈ R and f ∈ Hs∗,q(Rq) then
mq,. f ∈ Hs−m∗,q (Rq) for all m < s.
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a. Regularity of solutions g ∈ S ′∗,q(Rq) of the q-differential equation
P (−q,.)g = u, (51)
for given u ∈ S ′∗,q(Rq) and P an even polynomial of degree 2m.
We will show that if u ∈ Hs∗,q(Rq) then g ∈ Hs+m∗,q (Rq).
Indeed, by a simple computation we deduce from the relation (41) that
Fq(u)(ξ) = Fq
(
P (−q,.)g
)
(ξ) = P (ξ)Fq(g)(ξ).
Since u ∈ Hs∗,q(Rq) we deduce
+∞∫
0
(
1+ ξ2)2s ∣∣ P (ξ)∣∣2∣∣Fq(g)(ξ)∣∣2 dqξ < +∞. (52)
On the other hand, we have(
1+ ξ2)2(s+m)∣∣Fq(g)(ξ)∣∣2 ∼ ∣∣Fq(g)(ξ)∣∣2 (ξ −→ 0), (53)
and (
1+ ξ2)2(s+m)∣∣Fq(g)(ξ)∣∣2 ∼ (1+ ξ2)2s∣∣P (ξ)∣∣2∣∣Fq(g)(ξ)∣∣2 (ξ −→ +∞). (54)
Hence
+∞∫
0
(
1+ ξ2)2(s+m)∣∣Fq(g)(ξ)∣∣2 dqξ < +∞. (55)
This shows that g ∈ Hs+m∗,q (Rq).
b. Regularity of the solutions U ∈ S ′∗,q(Rq) of the q-differential equation
q,.U − λU = f , (56)
where f is a given distribution in S ′∗,q(Rq) and λ a given positive number.
By applying the q-cosine Fourier transform Fq the above q-differential equation (56) becomes
−(λ + ξ2)Fq(U )(ξ) = Fq( f )(ξ). (57)
Since Fq is an involution on S ′∗,q(Rq), we deduce that this equation admits a unique solution U ∈ S ′∗,q(Rq) given by
Fq(U )(ξ) = −
(
λ + ξ2)−1Fq( f )(ξ). (58)
We will show that U ∈ Hs+2∗,q (Rq) whenever f ∈ Hs∗,q(Rq).
Indeed, we have
(
1+ ξ2) s+22 Fq(U )(ξ) = −1+ ξ2
λ + ξ2
(
1+ ξ2) s2 Fq( f )(ξ). (59)
Using the fact that the function ξ −→ 1+ξ2
λ+ξ2 is bounded we obtain
+∞∫
0
(
1+ ξ2)s+2∣∣Fq(U )(ξ)∣∣2 dqξ  Cq,λ‖ f ‖Hs∗,q , Cq,λ = ess sup
ξ∈Rq
∣∣∣∣1+ ξ2λ + ξ2
∣∣∣∣ (60)
which gives the result.
Lemma 4.1. Let f : Rq,+ −→ C such that
x2k f ∈ L1(Rq,+), for all k ∈ {0, . . . ,m},
then Fq( f ) ∈ C2m∗,q(Rq).
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q,ξ ( f (x) cos(ξx;q2)) = −x2 f (x) cos(ξx;q2).
Let x ∈ Rq,+, using relation (19) we have∣∣q,ξ ( f (x) cos(ξx;q2))∣∣ 1
(q,q2)2∞
x2
∣∣ f (x)∣∣, (61)
and the map x → x2 f (x) is in L1(Rq,+), we deduce by differentiation under the integral sign that
Fq( f ) ∈ C1∗,q(Rq), (62)
and
q,ξ Fq( f )(ξ) = −ξ2Fq( f )(ξ). (63)
By induction for m ∈ N, we have
mq,ξ
(
f (x) cos
(
ξx;q2))= (−1)mx2m f (x) cos(ξx;q2), (64)
and ∣∣mq,ξ ( f (x) cos(ξx;q2))∣∣ 1(q,q2)2∞ x2m
∣∣ f (x)∣∣ ∈ L1(Rq,+), (65)
using hypothesis that the map x → x2m f (x) belongs to L1(Rq,+), hence by differentiation under the integral sign, it is easy
to see that
Fq( f ) ∈ C2m∗,q(Rq), (66)
and
mq,ξ Fq( f )(ξ) = (−1)mξ2mFq( f )(ξ). (67)
This achieves the proof. 
Proposition 4.2. For m ∈ N, we have
Hs∗,q(Rq) ⊂ C2m∗,q(Rq), for all s >m +
1
4
.
Proof. For f ∈ Hs∗,q(Rq) then (−q)m f ∈ Es−m,2∗,q (Rq) by virtue of Proposition 4.1. On the other hand, by using Hölder’s
inequality we obtain( +∞∫
0
∣∣Fq((−q,.)m f )(ξ)∣∣dqξ
)2
 Cq,s,m
+∞∫
0
(
1+ ξ2)2(s−m)∣∣Fq((−q,.)m f )(ξ)∣∣2 dqξ, (68)
where
Cq,s,m =
+∞∫
0
dqξ
(1+ ξ2)2(s−m) =
1∫
0
dqξ
(1+ ξ2)2(s−m) +
+∞∫
1
dqξ
(1+ ξ2)2(s−m) < +∞.
Note that the latter integral converges since s >m + 14 , hence
+∞∫
0
∣∣Fq((−q,.)m f )(ξ)∣∣dqξ < ∞.
Using the relation (41) we obtain
+∞∫
0
∣∣ξ2mFq( f )(ξ)∣∣dqξ < ∞.
This gives the result by virtue of the last Lemma 4.1. 
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given by
L(Hs∗,q)′ = sup
{∣∣L(T )∣∣; T ∈ Hs∗,q(Rq) and ‖T‖Hs∗,q  1}. (69)
Proposition 4.3. For all s ∈ R, the q-Schwartz space S∗,q(Rq) is dense in Hs∗,q(Rq).
Proof. It is easy to see that S∗,q(Rq) is invariant under the isometric isomorphism T → ψ(T ) = (1 + ξ2)sFq(T ) given in
Proposition 3.1.
This gives the result since S∗,q(Rq) is dense in L2(Rq,+) by Theorem 7 in [9]. 
Theorem 4.1. Let s ∈ R.
1. Every tempered distribution T ∈ H−s∗,q(Rq) extends uniquely in a continuous linear form LT on (Hs∗,q(Rq),‖.‖Hs∗,q ).
2. The map
χ : ((H−s∗,q(Rq)),‖.‖H−sq )−→ ((Hs∗,q(Rq))′,‖.‖(Hsq)′),
T −→ LT ,
is an isometric isomorphism.
Proof. 1. For all ϕ ∈ S∗,q(Rq) and T ∈ H−s∗,q(Rq) we have
〈T ,ϕ〉 = 〈Fq(T ),Fq(ϕ)〉
=
+∞∫
0
Fq(T )(ξ)Fq(ϕ)(ξ)dqξ
=
+∞∫
0
[(
1+ ξ2)− s2 Fq(T )(ξ)][(1+ ξ2) s2 Fq(ϕ)(ξ)]dqξ.
By using Hölder’s inequality we obtain∣∣〈T ,ϕ〉∣∣ ‖T‖H−s∗,q‖ϕ‖Hs∗,q , for all ϕ ∈ S∗,q(Rq). (70)
Using the density of S∗,q(Rq) in Hs∗,q(Rq) (Proposition 4.3), we deduce by Hahn–Banach theorem [6] that T extends
uniquely in a continuous linear form
LT :
(Hs∗,q(Rq),‖.‖Hs∗,q )−→ C
such that
LT(Hs∗,q)′  ‖T‖H−s∗,q . (71)
2. The linearity of χ comes directly from the uniqueness of the extension of each T ∈ H−s∗,q(Rq) in a continuous linear
form LT = χ(T ) ∈ (Hs∗,q(Rq))′ .
It remains to be shown that χ is bijective isometry. Let L : Hs∗,q(Rq) −→ C be a continuous linear form then by Riesz
theorem [6], there exists a unique S ∈ Hs∗,q(Rq) such that
‖S‖Hs∗,q = ‖L‖(Hs∗,q)′ (72)
and
∀u ∈ Hs∗,q(Rq), L(u) = 〈u, S〉Hs∗,q
=
+∞∫
0
(
1+ ξ2)2sFq(u)(ξ)Fq(S)(ξ)dqξ
= 〈Fq(u), (1+ ξ2)2sFq(S)〉. (73)
In particular, for all ϕ ∈ S∗,q(Rq) we obtain
L(ϕ) = 〈(1+ ξ2)2sFq(S),Fq(ϕ)〉= 〈Fq((1+ ξ2)2sFq(S) ),ϕ〉= 〈T ,ϕ〉,
where T = Fq((1+ ξ2)2sFq(S)).
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above relation (72) we deduce
‖T‖H−s∗,q = ‖S‖Hs∗,q = ‖L‖(Hs∗,q)′ .
This proves that χ is effectively an isometric isomorphism between H−s∗,q(Rq) and (Hs∗,q)′(Rq), its inverse is given by
χ−1(L) = Fq
((
1+ ξ2)2sFq(S) ), (74)
where S is the unique q-tempered distribution in Hs∗,q(Rq) satisfying the relations (72) and (73). 
Application. Let Lq be the differential operator deﬁned by
LqU = Dq,.
[
A(.)Dq,.U (.)
](
q−1x
)= A(x)q,xU + Dq,x A(q−1x)Dq,xU(q−1x) (75)
where A(x) is a bounded and inﬁnitely q-differentiable function on Rq,+ , such that A(0) = 0.
Then for all λ > 0 and f ∈ H−1∗,q(Rq), there exists a unique U ∈ H1∗,q(Rq) satisfying
LqU − λU = f . (76)
Proof. For all U , V ∈ H1∗,q(Rq) we put
(U/V ) =
+∞∫
0
A(x)Dq,xU (x)Dq,xV (x)dqx+ λ
+∞∫
0
U (x)V (x)dqx. (77)
This deﬁnes an inner product on H1∗,q(Rq). Moreover, the norms given respectively by the inner products 〈.,.〉 and (./.) are
equivalent.
Let now f ∈ H−1∗,q(Rq) then by Theorem 4.1, the q-tempered distribution
S∗,q(Rq) −→ C,
ϕ −→ 〈ϕ, f 〉,
extends uniquely in a continuous linear form on the Hilbert space H1∗,q(Rq) and so by Riesz Theorem [6, p. 81] there exists
a unique W ∈ H1∗,q(Rq) such that for all ϕ ∈ H1∗,q(Rq)
〈ϕ, f 〉 = (ϕ/W )
=
+∞∫
0
A(x)Dq,xϕ(x)Dq,xW (x)dqx+ λ
+∞∫
0
ϕ(x)W (x)dqx
= [A(x)ϕ(x)Dq,xW (x) ]+∞0 −
+∞∫
0
ϕ(x)Λ−1q Dq,x
[
A(x)Dq,xW (x)
]
dqx+ λ
+∞∫
0
ϕ(x)W (x)dqx
= 〈ϕ,Λ−1q Dq,.[A(.)Dq,.W (.) ]+ λW 〉.
This gives the result with U = −W . 
Theorem 4.2. For all m ∈ N, the q-Sobolev type space H−m∗,q (Rq) is spanned by the net {(−q,.)k g; g ∈ L2(Rq,+) and k = 0, . . . ,m}.
Moreover, for all T ∈ H−m∗,q (Rq) there exists g ∈ L2(Rq,+) such that
T = (1− q,.)mg =
m∑
k=0
Ckm(−q,.)k g. (78)
Proof. Since L2(Rq,+) = H0∗,q(Rq) then by Proposition 4.1 we have
(−q,.)k g ∈ H−m∗,q (Rq), for all g ∈ L2(Rq,+) and k = 0, . . . ,m.
Let now T ∈ H−m∗,q (Rq) then by q-Plancherel theorem there exists g ∈ L2(Rq,+) such that(
1+ ξ2)−mFq(T ) = Fq(g),
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Fq(T ) =
(
1+ ξ2)mFq(g) = Fq((1− q,.)mg).
This gives the result since Fq is one to one. 
Theorem 4.3. For all s ∈ ]0,1[, we have
Hs∗,q(Rq) =
{
f ∈ L2(Rq,+)
/ +∞∫
0
( +∞∫
0
| f (x) − Tq,t f (x)|2
t1+4s
dqt
)
dqx < +∞
}
, (79)
where Tq,t ; t ∈ Rq,+ are the q-translation operators given by the relation (27).
Proof. Since s > 0, we deduce from Proposition 4.2 that
Hs∗,q(Rq) =
{
f ∈ L2(Rq,+);
+∞∫
0
ξ4s
∣∣Fq( f )(ξ)∣∣2 dqξ < +∞
}
. (80)
Put Iq,s =
∫ +∞
0
|1−cos(t;q2)|2
t1+4s dqt . By using the change of variables t = ξu, we obtain
Iq,s = 1
ξ4s
+∞∫
0
|1− cos(ξu;q2)|2
u1+4s
dqu = 1
ξ4s
[ 1∫
0
|1− cos(ξu;q2)|2
u1+4s
dqu +
+∞∫
1
|1− cos(ξu;q2)|2
u1+4s
dqu
]
. (81)
Remark that the integral Iq,s converges since 0 < s < 1 and
1− cos(x;q2)∼ x2 (x → 0) and ∣∣1− cos(x;q2)∣∣ 1+ 1
(q;q2)∞ .
Now let f in L2(Rq,+), then by the above relation (81) we get
∀ξ > 0, ξ4s∣∣Fq( f )(ξ)∣∣2 = 1
Iq,s
+∞∫
0
|Fq( f )(ξ) − Fq( f )(ξ) cos(ξu;q2)|2
u1+4s
dqu. (82)
Using Theorem 2.2 we deduce
ξ4s
∣∣Fq( f )(ξ)∣∣2 = 1
Iq,s
+∞∫
0
|Fq( f − Tq,u f )(ξ)|2
u1+4s
dqu (83)
so that
+∞∫
0
ξ4s
∣∣Fq( f )(ξ)∣∣2 dqξ = 1
Iq,s
+∞∫
0
( +∞∫
0
|Fq( f − Tq,u f )(ξ)|2
u1+4s
dqu
)
dqξ.
Thanks to Fubini’s theorem by interchanging the integrals we obtain
+∞∫
0
ξ4s
∣∣Fq( f )(ξ)∣∣2 dqξ = 1
Iq,s
+∞∫
0
1
u1+4s
( +∞∫
0
∣∣Fq( f − Tq,u f )(ξ)∣∣2 dqξ
)
dqu,
which becomes by q-Plancherel theorem
+∞∫
0
ξ4s
∣∣Fq( f )(ξ)∣∣2 dqξ = 1
Iq,s
+∞∫
0
1
u1+4s
( +∞∫
0
∣∣( f − Tq,u f )(ξ)∣∣2 dqξ
)
dqu.
By applying again Fubini’s theorem we obtain
+∞∫
0
ξ4s
∣∣Fq( f )(ξ)∣∣2 dqξ = 1
Iq,s
+∞∫
0
( +∞∫
0
|( f − Tq,u f )(x)|2
u1+4s
dqu
)
dqx.
This leads to the result. 
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In this section the analogue of the even Bessel Potential, called the q-cosine potential, is investigated. The q-Sobolev
type space W s,p∗,q (Rq) is deﬁned. It is shown that for given T in W s,p∗,q (Rq), the solution of (1 − q,.)kU = T , belongs to
W s+2k,p∗,q (Rq).
Deﬁnition 5.1. For all s ∈ R, the q-cosine potential operator Bs is deﬁned by
Bs : S ′∗,q(Rq) −→ S ′∗,q(Rq),
T −→ Fq
((
1+ ξ2)− s2 Fq(T )).
Proposition 5.1.
1. Bs ◦ Bt = Bs+t , for all s, t ∈ R.
2. B0 = idS ′∗,q(:Rq) .
3. For all s ∈ R, the q-cosine potential Bs is a topological isomorphism from S ′∗,q(Rq) onto itself. Its inverse is given by B−s .
Proof. The results derive by a simple computation from the fact that the q-cosine Fourier transform is a continuous involu-
tion on S ′∗,q(Rq). 
Deﬁnition 5.2. For all (s, p) in R × [1,+∞[, we denote by W s,p∗,q (Rq) the q-Sobolev type space given by
W s,p∗,q (Rq) =
{
T ∈ S ′∗,q(Rq), B−s(T ) ∈ Lp(Rq,+)
}
. (84)
In other words
W s,p∗,q (Rq) = Bs
(
Lp(Rq,+)
)
.
Remark 5.1. For all (s, p) ∈ R × [1,+∞[, one can easily see that S∗,q(Rq) ⊂ W s,p∗,q (Rq).
Proposition 5.2. For all (s, p) ∈ R × [1,+∞[, we have the following properties
1. The map T −→ ‖T‖W s,p∗,q = ‖B−s(T )‖Lp deﬁnes a norm on W
s,p
∗,q (Rq).
2. The operator Bs is an isometric isomorphism from Lp(Rq,+) onto (W s,p∗,q (Rq),‖.‖W s,p∗,q ). Its inverse is given by B−s .
3. (W s,p∗,q (Rq),‖.‖W s,p∗,q ) is a Banach space.
4. Bt(W s,p∗,q (Rq)) = W s+t,p∗,q (Rq), for all s, t ∈ R. Moreover Bt is an isometric isomorphism from W s,p∗,q (Rq) on W s+t,p∗,q (Rq). Its
inverse is given by B−s .
5. W s,2∗,q(Rq) = H
s
2∗,q(Rq), for all s ∈ R.
Proof. One can easily see that the properties 1, 2, 3, 4 are obvious and the property 5 can be deduced directly from the
q-Plancherel theorem. 
Theorem 5.1. Let s > 1, then for all p ∈ [1,+∞[, W s,p∗,q (Rq) ⊂ Lp(Rq,+) and the canonical injection W s,p∗,q (Rq) ↪→ Lp(Rq,+) is
continuous, that is there exists a positive constant Cp,s such that
‖T‖Lp  Cp,s‖T‖W s,p∗,q , for all T ∈ W
s,p
∗,q (Rq). (85)
Proof. Since the map ξ → (1+ ξ2)− s2 belongs to C∗,q,0(Rq) then using inversion theorem for the q-cosine Fourier transform
property ix, there exists ks ∈ L1(Rq,+) such that Fq(ks)(ξ) = (1+ ξ2)− s2 so by Theorem 2.2 we have
∀ f ∈ Lp(Rq,+),
(
1+ ξ2)− s2 Fq( f )(ξ) = Fq(ks)(ξ).Fq( f )(ξ) = Fq(ks ∗q f )(ξ).
Hence
∀ f ∈ Lp(Rq,+), Bs( f ) = (ks ∗q f ).
Using Theorem 2.3 we ﬁnd
∀ f ∈ Lp(Rq,+),
∥∥Bs( f )∥∥ p  ‖ks‖L1‖ f ‖Lp , (86)L
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∀T ∈ W s,p∗,q (Rq), ‖T‖Lp  Cp,s‖T‖W s,p∗,q . (87)
This gives the result, where Cp,s = ‖ks‖L1 . 
Corollary 5.1. For any p ∈ [1,+∞[ and s, t ∈ R such that s  t + 1, we have W s,p∗,q (Rq) ⊂ Wt,p∗,q (Rq) and the canonical injection
W s,p∗,q (Rq) ↪→ Wt,p∗,q (Rq) is continuous. Moreover,
∀ f ∈ W s,p∗,q (Rq), ‖ f ‖Wt,p∗,q  Cp,s‖ f ‖W s,p∗,q , (88)
where Cp,s is the positive constant given in the latter theorem.
Proof. Let f ∈ W s,p∗,q (Rq) so B−t( f ) ∈ W s−t,p∗,q and by Theorem 5.1 we deduce
B−t( f ) ∈ Lp(Rq,+) and
∥∥B−t( f )∥∥Lp  Cp,s∥∥B−t( f )∥∥W s−t,p∗,q .
Using now property 4 of Proposition 5.2 we obtain ‖B−t( f )‖Lp  Cp,s‖ f ‖W s,p∗,q . This shows that f belongs to W
t,p
∗,q (Rq) and
that ‖ f ‖Wt,p∗,q  Cp,s‖ f ‖W s,p∗,q , which achieves the proof. 
Application. Regularity in S ′∗,q(Rq) of the solution of the differential equation
(1− q,.)kU = T , (89)
for given k ∈ N and T ∈ S ′∗,q(Rq).
By applying the q-cosine Fourier transform, this equation becomes(
1+ ξ2)kFq(U ) = Fq(T ) (90)
or equivalently
Fq(U ) =
(
1+ ξ2)−kFq(T ). (91)
Using the fact that the q-cosine Fourier transform is an involution from S ′∗,q(Rq) onto itself we deduce that the above
differential equation admits in S ′∗,q(Rq) a unique solution given by
U = Fq
((
1+ ξ2)−kFq(T ))= B2k(T ). (92)
Using now Proposition 5.2 we deduce that U ∈ W s+2k,p∗,q (Rq) whenever T ∈ W s,p∗,q (Rq), and in particular U ∈ L2(Rq,+).
Moreover if T =∑kp=0 λp(−q,.)p f p , where λ1, . . . , λk are constants and f1, . . . , fk ∈ L2(Rq,+) because of in this case
T ∈ W−2k,2∗,q (Rq) by virtue of Theorem 4.2 and consequently U ∈ W0,2∗,q (Rq) = H0∗,q(Rq) = L2(Rq,+) thanks to Proposition 5.2
and Proposition 4.1.
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